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Abstract
Let R be a ring, let G be an amenable group and let R˚G be a crossed product. The goal of this
paper is to construct, starting with a suitable additive function L on the category of left modules over
R, an additive function on a subcategory of the category of left modules over R˚G, which coincides
with the whole category if LpRRq ă 8. This construction can be performed using a dynamical invariant
associated with the original function L, called algebraic L-entropy. We apply our results to two classical
problems on group rings: the Stable Finiteness and the Zero-Divisors Conjectures.
——————————–
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1 Introduction
Let V be a finite dimensional vector space over a given field K, and consider a surjective endomorphism
φ : V Ñ V . Then φ has to be injective, and one way to show this is to compute dimensions:
dimKpV q “ dimKpφpV qq ` dimKpKerpφqq “ dimKpV q ` dimKpKerpφqq so that dimKpKerpφqq “ 0 ,
hence Kerpφq “ 0. A left module M over a ring R is said to be Hopfian if any of its surjective
endomorphisms is an automorphism. Thus, the above argument shows that finite dimensional vector
spaces are Hopfian modules. Repeating these computations, but with composition length ℓp´q of modules
used instead of dimension, one can show that modules of finite length over any ring are Hopfian.
Let us try to abstract the above idea: fix a ring R and consider a function L : R-ModÑ Rě0Y t8u,
that associates to any left R-module M the value LpMq P Rě0 Y t8u. We say that L is
– additive if, given a short exact sequence 0Ñ AÑ B Ñ C Ñ 0 in R-Mod, LpBq “ LpAq ` LpCq;
– faithful provided LpMq “ 0 if and only if M “ 0.
If we have a faithful additive function on R-Mod, then we can conclude in the exact same way that all
the modules in the class FinpLq :“ tM P R-Mod : LpMq ă 8u are Hopfian.
A rich source of Hopfian modules is the class of Noetherian modules. The usual proof that a Noethe-
rian module M is Hopfian is as follows: any surjective endomorphism φ : M ÑM induces isomorphisms
Kerpφq
–
Ð Kerpφ2q{Kerpφq
–
Ð Kerpφ3q{Kerpφ2q
–
Ð . . .
By the ascending chain condition, the chain Kerpφq Ď Kerpφ2q Ď Kerpφ3q Ď . . . stabilizes, so there exists
n P N such that 0 – Kerpφn`1q{Kerpφnq – Kerpφq. There is another way to show that Noetherian
modules are Hopfian: using additive functions. In fact, in this generality, it is not possible to use just
one faithful additive function, but we need to introduce an entire family of (not always faithful) additive
functions that, when used together, allow us to conclude:
The first step is to notice that, given a hereditary torsion class T Ď R-Mod, there is an additive
function
ℓT : R-ModÑ Rě0 Y t8u , defined as ℓT pMq “ sup
σ
ℓT pσq ,
where σ ranges in all the finite sequences of the form σ : 0 “ M0 Ď M1 Ď . . . Ď Mn “ M and
ℓT pσq :“ #ti P t1, . . . , nu : Mi{Mi´1 R T u. In other words, ℓT pMq is the composition length of M in
the Gabriel quotient R-Mod{T (see Section 2). Notice that ℓT pMq “ 0 if and only if M P T .
Now that we have a procedure that takes as an input a hereditary torsion class and produces an
additive function, we need a source for torsion classes. Thus, our second step is to recall that the Gabriel
filtration of R-Mod is a transfinite sequence of hereditary torsion classes Cα Ď R-Mod such that:
– C0 is the class containing just the 0-modules;
– if Cα is given, Cα`1 is the smallest hereditary torsion class containing Cα and all the modules M
such that, given N ďM , exactly one between N andM{N is in Cα (these are thoseM that become
simple in the Gabriel quotient R-Mod{Cα);
– if λ is a limit ordinal, Cλ is the smallest hereditary torsion class containing all the Cα, for α ă λ.
For any ordinal α, we denote by ℓα : R-ModÑ Rě0Yt8u the additive function induced by Cα with the
above procedure.
At this point, we can conclude with few observations: given a Noetherian left R-module M and
a surjective endomorphism φ : M Ñ M suppose, looking for a contradiction, that Kerpφq ‰ 0. Using
that Kerpφq is Noetherian, we can find an ordinal α such that Kerpφq P Cα`1zCα. Considering the
α` 1-torsion part of M , Tα`1M :“ tx PM : Rx P Cα`1u, we obtain the following short exact sequence:
0Ñ Kerpφq Ñ Tα`1M Ñ Tα`1M Ñ 0 .
Furthermore, ℓαpKerpφqq ď ℓαpTα`1Mq ă 8 (where the finiteness of these quantities is a consequence
of Noetherianity, see Lemma 2.15. A simple way to see this is that any object in the quotient category
Cα`1{Cα is semi-Artinian and objects that are both Noetherian and semi-Artinian do have finite length).
Thus, by the additivity of ℓα, ℓαpKerpφqq “ 0, that is, Kerpαq P Cα, which is a contradiction. Thus
Kerpφq “ 0 and φ is an automorphism as desired.
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To summarize, the above strategy consists in: finding a suitable filtration of R-Mod by hereditary
torsion classes, associate to any of these torsion classes an additive function, and finally select a suitable
length function in our family to prove the injectivity of the given map. One of the main observation of
this paper is that this same strategy can be adapted to find a partial solution of the following famous
conjecture:
Stable Finiteness Conjecture (Kaplansky, 1972). Let K be a field and let G be a group. Then, the
group ring KrGs is stably finite.
The above conjecture was verified by Kaplansky [Kap95] in case K “ C, and similar arguments allow
to solve the conjecture in the positive for any field of zero characteristic. Furthermore, it was proved by
Ara, O’Meara and Perera [AOP02] that KrGs is stably finite whenever G is residually amenable and K
is an arbitrary division ring. Soon after, this last result was extended by Elek and Szabo´ [ES04], who
proved that the group ring KrGs is stably finite for K any division ring and G a sofic group. Let us also
remark that Ara et al. proved that any crossed product K˚G (not just the group ring KrGs, see Section
3.3) is stably finite, provided K is a division ring and G is an amenable group (see Section 3.1).
The relation between the above conjecture and Hopficity is clear: the stable finiteness of the group
ring KrGs means exactly that all the free KrGs-modules of finite rank KrGsn are Hopfian. In this paper
we extend, and provide a new proof for, the known positive solution of the above conjecture in case G
is an amenable group. Our main result in this direction will be the following:
Theorem A. Let R be a left Noetherian ring, let G be a finitely generated amenable group and let R˚G
be a fixed crossed product. Then, for any finitely generated left R-module RK P R-Mod, any R˚G-
submodule of R˚GbR K is Hopfian.
In particular, EndR˚GpMq is stably finite for any submodule R˚GM ď R˚GbR K.
Notice that the above theorem is an extremely strong version of the Stable Finiteness Conjecture
that cannot be extended to sofic groups. In fact, the above statement fails for free non-Abelian groups
(see Example 5.6 and Problem 5.7). On the other hand, recently Li and Liang [LL15] were able to adapt
our strategy to show that RrGs is stably finite whenever R is left Noetherian and G is sofic. It is still
an open question if the same is true for more general crossed products.
Let us briefly describe our strategy to prove Theorem A. The idea is very close to the one we sketched
above in proving the Hopficity of Noetherian modules using additive functions. Fix a crossed product
R˚G, with G finitely generated amenable and R Noetherian. With a little abuse of notation, for any
ordinal α we denote by Cα the hereditary torsion class of those R˚G-modules R˚GM whose underlying
R-module RM is in Cα (the α-th layer of the Gabriel filtration of R-Mod, as described above). Now
we need suitable additive functions of R˚G-Mod, one for each α. To do this, we need to “extend” the
additive functions ℓα : R-ModÑ Rě0 Y t8u from R-Mod to R˚G-Mod. This problem of extension of a
given additive function is an interesting matter of dynamical nature, that deserves a brief discussion in its
own (see Theorem B below). For the moment, it is enough for us to know that this is the point where we
use the amenability of G to produce, for any ordinal α, an additive function Lα : R˚G-ModÑ Rě0Yt8u
such that:
– “Lα extends ℓα”, that is, LαpR˚GbRKq “ ℓαpKq for any left R-module K such that ℓαpKq ă 8;
– “Lα is as faithful as it can be”, that is, LαpR˚GNq “ 0 if and only if ℓαpRNq “ 0, for any
R˚G-submodule N ď R˚GbR K, with K as above.
Now it is easy to conclude: let K be a finitely generated left R-module, consider an R˚G-submodule
M ď R˚GbRK, and let φ : M ÑM be a surjective endomorphism. Suppose, looking for a contradiction,
that Kerpφq ‰ 0. Using the Noetherianity of K, it is possible to find an ordinal α such that RKerpφq P
Cα`1zCα. Then, there is a short exact sequence of R˚G-modules
0Ñ Kerpφq Ñ Tα`1M Ñ Tα`1M Ñ 0 .
Furthermore, since Tα`1pR˚GbR Kq – RGbR Tα`1K,
LαpKerpφqq ď LαpTα`1Mq ď LαpR˚GbR Tα`1Kq “ ℓαpTα`1Kq ă 8
where the equality uses the first property of Lα listed above. By the additivity of Lα, we obtain that
LαpKerpφqq “ 0 and so, by the second property listed above, ℓαpRKerpφqq “ 0, so Kerpφq P Cα, which is
a contradiction, so Kerpφq “ 0 and φ is an automorphism as desired.
As we explained above, in order to apply the machinery of torsion classes and additive functions to
Kaplansky’s Stable Finiteness Conjecture we need to answer (at least partially), the following question:
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Let R be a ring, let G be an amenable group and fix a crossed product R˚G. Is it possible to
find a map
tadditive functions on R-Modu ÝÑ tadditive functions on R˚G-Modu
L ÞÝÑ LR˚G
such that LR˚GpNq “ 0 implies LpNq “ 0 for any N ď R˚GbRK, and LR˚GpR˚GbRKq “
LpKq, for any K P FinpLq?
In fact we will restrict our attention to a particular class of additive functions called length functions,
where an additive function L : R-ModÑ Rě0 Y t8u is a length function provided
LpMq “ suptLpF q : F ďM finitely generatedu .
The composition length ℓ, and more generally all the additive functions of the form ℓα arising from the
Gabriel filtration, are in fact length functions. Let us also remark that, even when R is a field and L
is the dimension of vector spaces, Elek [Ele99] showed that it is not always possible to extend L to a
length function of RrGs-Mod if G is not an amenable group, so it is essential to include amenability
in our hypotheses. In fact, Elek [Ele03] showed that (again for R a field and L the dimension) this is
always possible when G is finitely generated amenable.
Given a ring R (no hypothesis is needed on the ring) and a finitely generated amenable group G, fix
a crossed product R˚G and a length function L : R-Mod Ñ Rě0 Y t8u which is compatible with R˚G
(see Definition 3.6). In particular, all the functions ℓα arising from some layer in the Gabriel filtration
satisfy these hypotheses.
Given a left R˚G-module R˚GM , let FinLpMq :“ tRK ď M : LpKq ă 8u. If FinLpMq contains all the
finitely generated R-submodules of M we say that M is locally L-finite and we denote by lFinLpR˚Gq
the class of such modules. For example, lFinLpR˚Gq contains all the left R˚G-modules R˚GM such that
LpMq ă 8. Furthermore, given a left R-module RK such that LpKq ă 8, then the left R˚G-module
R˚GbR K is in lFinLpR˚Gq. In Section 4 we define the algebraic L-entropy as a function
entL : lFinLpR˚Gq Ñ Rě0 Y t8u .
The main result of Section 4 is the following theorem, showing that the algebraic entropy provides a
partial answer to above extension problem:
Theorem B. In the above hypotheses and notation, the invariant entL : lFinLpR˚Gq Ñ Rě0 Y t8u
satisfies the following properties:
(1) entL is a length function;
(2) entLpR˚GbR Kq “ LpKq for any L-finite left R-module K;
(3) entLpR˚GNq “ 0 if and only if LpRNq “ 0, for any R˚G-submodule N ď R˚GbR K.
The proof of the above theorem will take almost all Section 4, in particular, part (1) of the theorem
will be proved in Sections 4.2 and 4.3, while parts (2) and (3) in Section 4.4.
The final Section 5 is devoted to two applications of the algebraic entropy: the already mentioned
Stable Finiteness Conjecture, and the Zero Divisors Conjecture, which states that, for a torsion-free
group G and a field K, the group ring KrGs is a domain. Using the algebraic entropy we will give a new
proof of the fact, known for group rings, that, provided G is amenable, a given crossed product K ˚G is
a domain if and only if it is an Ore domain. Furthermore, using an approach similar to that of Chung
and Thom [CT13], we will show that the Zero Divisors Conjecture is equivalent to a statement about
the possible range of the algebraic entropy, extending their results from finite fields to arbitrary skew
fields, and from group rings to crossed products (see Theorem 5.9).
Acknowledgements. It is a pleasure for me to thank Peter Va´mos for giving me a copy of his
Ph.D. thesis and for useful discussions started in Padova in 2010. I am also sincerely grateful to my
Ph.D. advisor Dolors Herbera for her encouragement and trust: she gave me time, freedom and several
suggestions that helped me to work independently on this project. Finally, I would like to thank Pere
Ara, Ferran Cedo´, Hanfeng Li, Bingbing Liang and Nhan-Phu Chung for some useful discussions on
preliminary versions of this paper.
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2 Length functions and torsion theories
All along this section, unless otherwise stated, C denotes a Grothendieck category, that is, a cocomplete
Abelian category, with exact directed colimits (i.e., C satisfies Grothendieck’s axiom (Ab.5)) and with a
generator. For unexplained terms and notations we refer to [Ste71].
Remember that any Grothendieck category is well-powered (see [Ste71, Proposition 6, p.94]) and
that the set of all subobjects of a given object M is a bounded and bicomplete lattice, which we denote
by LpMq; the minimum of LpMq is the 0-object and the maximum is M itself. For every family
tNi : i P Iu of subobjects of M we denote by
ř
I
Ni (resp.,
Ş
I
Ni) the join (resp., meet) of the Ni in
LpMq. If tNi : i P Iu is a directed system of subobjects,
ř
I
Ni is called the direct union of the Ni
and it is sometimes denoted also by
Ť
I
Ni. With this notation we can state the equivalent form of
Grothendieck’s axiom Ab.5 stating that, given an object M in C, a subobject K of M and a directed
system tNi : i P Iu of subobjects of M ,˜ÿ
I
Ni
¸
XK “
ÿ
I
pNi XKq .
Let us recall the following fundamental properties of Grothendieck categories:
Fact 2.1. [Ste71, Corollaries 4.3 and 4.4, pp.222–223] Let C be a Grothendieck category, then
(1) C is complete;
(2) C has enough injective objects.
Given a family tMi : i P Iu of objects of C, we denote by
ś
I
Mi and
À
I
Mi the product and the
coproduct respectively. Given an object M of C, we denote by EpMq the injective envelope of M . Given
an endomorphism φ : M Ñ M , a subobject N of M is φ-invariant if φpNq ď N . Any subobject of a
quotient (or, equivalently, a quotient of a subobject) of an object M is generically called a segment of
M . A series of M is a finite chain of subobjects
σ : 0 “ N0 ď N1 ď ¨ ¨ ¨ ď Nn “ M . (2.1)
The factors of σ are the segments of M of the form Ni`1{Ni for some i ă n. Two series of M are
equivalent if they have the isomorphic factors up to reordering. If all the factors of σ are simple objects,
then we say that σ is a composition series for M . If σ1 0 “ N 10 ď N
1
1 ď ¨ ¨ ¨ ď N
1
m “ M is another
series of M , we say that σ1 is a refinement of σ if tN0, . . . , Nnu Ď tN
1
0, . . . , N
1
mu. The following fact is
well-known.
Fact 2.2 (Artin-Schreier’s Refinement Theorem). Let C be a Grothendieck category and let M be an
object of C. If σ1 and σ2 are two series of M , then they admit equivalent refinements.
2.1 Length functions
In any category C it is possible to define (real-valued) invariants to measure various finiteness properties
of the objects. In general, we call invariant of C, any map i : C Ñ Rě0 Y t8u such that ipXq “ ipX
1q
whenever X and X 1 are isomorphic objects in C.
If we make some stronger assumption on the structure of the category C, we can refine our definition
of invariant in order to obtain a more treatable notion. Indeed, suppose that C is an Abelian category
(or, more generally, an exact category). The information that one usually wants to encode is about
homological properties. In this setting it seems natural to ask that, given a short exact sequence
0Ñ X1 Ñ X2 Ñ X3 Ñ 0 (2.2)
in C, we have ipX2q “ ipX1q ` ipX3q. In this case, we say that i is additive on the sequence (2.2). If i is
additive on all the short exact sequences of C and ip0q “ 0, then we say that i is an additive invariant
(or additive function).
In the following lemma we collect some useful properties of additive functions.
Lemma 2.3. Let C be an Abelian category and let i : CÑ Rě0 Y t8u be an additive function. Then
(1) ipXq ě ipY q for every segment Y of X P C;
(2) ipX1 `X2q ` ipX1 XX2q “ ipX1q ` ipX2q for every pair of subobjects X1, X2 of X P C;
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(3)
ř
jodd ipXjq “
ř
jeven ipXjq for every exact sequence 0Ñ X1 Ñ X2 Ñ ¨ ¨ ¨ Ñ Xn Ñ 0 in C.
A natural assumption in the context of Grothendieck categories is the upper continuity of invariants,
given an object X P C and a directed set S “ tXα : α P Λu of subobjects of X such that
ř
ΛXα “ X,
we say that i is continuous on S if
ipXq “ suptipXαq : α P Λu . (2.3)
If i is continuous on all the direct unions as above, we say that i is upper continuous. Upper continuity
can be defined in arbitrary Abelian categories even if it seems more meaningful when direct limits exist
and are exact.
Definition 2.4 ( [NR65]). Let C be an Abelian category. An additive and upper continuous invariant
i : CÑ Rě0 Y t8u is said to be a length function.
In what follows we generally denote length functions by the symbol L. We remark that the usual
definition of length function is given in module categories, which are in particular locally finitely gener-
ated Grothendieck categories. In this special setting, the usual definition of upper continuity is different
(see part (3) of the following proposition). We now show that we are not defining a new notion of upper
continuity but just generalizing this concept to arbitrary Grothendieck categories (similar observations,
with analogous proofs, were already present in [Va´m68] for module categories).
Recall that, given an object M of a Grothendieck category C and an ordinal κ, a set tMα : α ă κu
of subobjectsis of M is a continuous chain if
(1) Mα ďMβ , provided α, β ă κ and α ď β;
(2)
Ť
αăλMα “Mλ for any limit ordinal λ ă κ.
Proposition 2.5. Let C be a Grothendieck category and L : C Ñ Rě0 Y t8u be an additive function.
Consider the following statements:
(1) L is a length function;
(2) given an object M P C, an ordinal κ and a continuous chain tMα : α ă κu of subobjects of M such
that M “
Ť
αăκMα, we have that LpMq “ suptLpMαq : α ă κu;
(3) for every object M P C we have that LpMq “ suptLpF q : F finitely generated subobject of Mu.
Then (1)ô(2) and (2)ð(3). If C is locally finitely generated, then the above statements are all equivalent.
In the last part of this subsection we show that, under suitable conditions, to prove the additivity of
an invariant it is enough to show that it is additive on short exact sequences of finitely generated objects
(see Proposition 2.7). This will be extremely useful in proving that the algebraic entropy is additive.
Lemma 2.6. Let I be a set, let tai : i P Iu and tbi : i P Iu be bounded subsets of Rě0, and let a :“ supi ai
and b :“ infi bi. If ai ď a, b ď bi and ai ` bi “ c for all i P I, then a` b “ c.
Proof. For any ε ą 0 there exists i P I such that |a´ ai| ă ε and |b´ bi| ă ε. Thus,
c´ ε “ ai ` pbi ´ εq ă a` b ă pai ` εq ` bi “ c` ε .
Proposition 2.7. Let R be a ring and let C Ď R-Mod be a subclass closed under subobjects and quotients.
An upper continuous invariant L : CÑ Rě0 Y t8u such that LpF q ă 8 for any finitely generated F P C
is additive if and only if the following properties hold true:
(1) LpK2q “ LpK1q ` LpK3q for any short exact sequence 0 Ñ K1 Ñ K2 Ñ K3 Ñ 0 of finitely
generated modules in C;
(2) given a finitely generated K P C and a directed system of submodules tHiui, LpK{Hq “ infi LpK{Hiq,
where H :“
Ť
i
Hi.
Proof. Consider a short exact sequence 0 Ñ N Ñ M Ñ M{N Ñ 0 in C. Then, LpMq “ supF LpF q,
with F ranging in the finitely generated submodules of M . Furthermore, for any such F we have that
LpN X F q “ supG LpGq, LpF {pN X F qq “ infG LpF {Gq and LpGq ` LpF {Gq “ LpF q, for any G ď
N X F finitely generated (where for these three equalities we used upper continuity, hypothesis (2) and
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hypothesis (1), respectively). By the above lemma, this implies that LpF q “ LpN XF q`LpF {pNXF qq.
Thus,
LpMq “ sup
FďM f.g.
LpF q
“ sup
FďM f.g.
LpN X F q ` LpF {pN X F qq
“ sup
FďM f.g.
LpN X F q ` sup
FďM f.g.
LppF `Nq{Nq
“ LpNq ` LpM{Nq
On the other hand, if L is additive, then (1) is clear. Furthermore, given a finitely generated K P C and
a directed system of submodules tHiui, then
LpK{Hq “ LpKq ´ LpHq “ LpKq ´ sup
i
LpHiq “ inf
i
pLpKq ´ LpHiqq “ inf
i
LpK{Hiq .
2.2 Gabriel localization and Gabriel dimension
Let C be a Grothendieck category and let A Ď C be a subclass. Recall that A is a semi-closed if, given
a short exact sequence
0Ñ AÑ B Ñ C Ñ 0 ,
B P A implies that both A and C belong to A. A Serre class is a semi-closed class that is closed under
extensions. Furthermore, A is a hereditary torsion class (or localizing class) if it is Serre and it is closed
under taking arbitrary direct sums. On the other hand, A is a hereditary torsion free class provided it
is closed under taking sub-objects, extensions, products and injective envelopes.
Definition 2.8. A hereditary torsion theory τ in C is a pair of classes pT ,Fq such that
– the class T of τ -torsion objects is a hereditary torsion class;
– the class F of τ -torsion free objects is a hereditary torsion free class;
– pT qK “ F and KpFq “ T .
In this paper the symbols τ , T and F are always used to denote a torsion theory, a torsion class and
a torsion free class respectively. Since all the torsion theories in the sequel are hereditary, we just
say “torsion theory”, “torsion class” and “torsion free class” to mean respectively “hereditary torsion
theory”, “hereditary torsion class” and “hereditary torsion free class”.
Given a torsion theory τ “ pT ,Fq, the inclusion T Ñ C has a right adjoint Tτ : C Ñ T , which is
a subfunctor of the identity, called the torsion functor. For any object X P C there is a short exact
sequence of the form
0Ñ TτX Ñ X Ñ X{TτX Ñ 0
such that TτX P T and X{TτX P F .
Let us also recall the close relation between torsion theories and localization of Abelian categories.
We start with the following definition:
Definition 2.9. A localization of C is a pair of adjoint functors Q : C Õ D : S, where D is an Abelian
category, S is fully faithful, and Q is exact and essentially surjective. In this situation, D is called a
quotient category, Q is a quotient functor and S is a section functor. The composition L “ S˝Q : CÑ C
is called the localization functor.
One can encounter slightly different definitions of localization in other contexts, see for example
[Ran06]. We can now explain the connection between localizations and torsion theories. Indeed, starting
with a localization Q : C Õ D : S and letting L “ S ˝Q,
KerpLq “ tX P C : LpXq “ 0u “ tX P C : QpXq “ 0u “ KerpQq
is a torsion class (use the exactness of Q and the fact that it is a left adjoint). Hence, the localization
pQ,Sq induces a torsion theory pKerpQq,KerpQqKq. On the other hand, one can construct a localization
out of a torsion theory.
Definition 2.10. Let C be a Grothendieck category and τ “ pT ,Fq a torsion theory. An object X P C
is τ -local if X P F and EpXq{X P F. The full subcategory of C of all the τ -local objects is denoted by
C{T .
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The definition of the localization induced by a torsion theory depends on the following lemma.
Lemma 2.11. [Gab62] Let C be a Grothendieck category and let τ “ pT ,Fq be a torsion theory. Then,
the canonical inclusion C{T Ñ C has a left adjoint functor which is exact.
Definition 2.12. Let C be a Grothendieck category and let τ “ pT ,Fq be a torsion theory. The inclusion
Sτ : C{T Ñ C is called τ -section functor, while its left adjoint functor Qτ : CÑ C{T is called τ -quotient
functor. The composition Lτ “ SτQτ is called τ -localization functor.
Let us now recall that theGabriel filtration of C is a transfinite chain t0u “ C´1 Ď C0 Ď ¨ ¨ ¨ Ď Cα Ď . . .
of torsion classes defined as follows:
– C´1 “ t0u;
– suppose that α is an ordinal for which Cα has already been defined. An object C P C is said to
be α-cocritical if C is τα-torsion free and every proper quotient of C is τα-torsion, where τα is the
unique torsion theory whose torsion class is Cα. In the sequel, we will just say α-torsion (resp.,
torsion free) instead of τα-torsion (resp., torsion free). We let Cα`1 be the smallest hereditary
torsion class containing Cα and all the α-cocritical objects;
– if λ is a limit ordinal, we let Cλ be the smallest hereditary torsion class containing
Ť
αăλ Cα.
For any ordinal α, we let Tα : C Ñ Cα and Qα : CÑ C{Cα be respectively the torsion and the quotient
functors. Abusing notation, we use the same symbols for the functors Tα : Cα`1 Ñ Cα and Qα : Cα`1 Ñ
Cα`1{Cα, induced by restriction.
Remark 2.13. By definition, a Grothendieck category C has a generator G. Furthermore, G has just
a set (as opposed to a proper class) of subobject, equivalently, it has just a set of quotients. One
can show that Cα`1 is the smallest torsion class containing Cα and the α-cocritical quotients of G.
As a consequences we obtain that there is an ordinal κ such that Cα “ Cκ for all α ě κ (just take
κ “ suptα : there are α-cocritical quotients of Gu).
Consider the union C¯ “
Ť
α Cα of the Gabriel filtration (this makes sense by the above remark). An
object belonging to C¯ is said to be an object with Gabriel dimension. The Gabriel dimension of M is
the minimal ordinal δ such that M P Cδ, in symbols G.dimpMq “ δ. In general, it may happen that
C ‰ C¯; if C “ C¯, we say that C is a Gabriel category with Gabriel dimension G.dimpCq “ κ, where κ is
the smallest ordinal such that Cκ “ C.
In the following example we specialize some of the above notions to categories of modules. Even
if the example is stated for modules, part (1) holds for any Grothendieck category, taking a generator
in place of RR. Part (2) can be generalized to any Grothendieck category with a set of Noetherian
generators.
Example 2.14. Let R be a ring and let C “ R-Mod be the category of left R-modules.
(1) If C has Gabriel dimension G.dimpCq “ κ, then G.dimpRRq “ κ. In fact, the inequality G.dimpCq ě
G.dimpRRq is trivial. For the converse, just notice that if α is an ordinal for which RR P Cα, then
Cα “ C. This is because Cα is closed under arbitrary direct sums and quotients, so it contains any
quotient of a free module, that is, any module.
(2) If R is left Noetherian then C is a Gabriel category. In fact, given an ordinal α, Cα “ Cα`1
implies that RR P Cα. To show this notice that, if α is an ordinal for which RR R Cα, the set
I “ tRI ď R : RpR{Iq R Cαu is non-empty and, by Noetherianity, I has a maximal element I¯ .
Then, RpR{I¯q R Cα but any of its proper quotients is in Cα. So, RpR{I¯q is α-cocritic and it belongs
to Cα`1, which therefore properly contains Cα.
In what follows we collect some well-known properties of Gabriel dimension (for a proof see [GR74]).
Recall that a Grothendieck category C is said to be semi-Artinian if G.dimpCq “ 0.
Lemma 2.15. Given a Gabriel category C, the following statements hold true:
(1) G.dimpCq “ suptG.dimpMq :M P Cu;
(2) if N ďM P C, then G.dimpMq “ maxtG.dimpNq,G.dimpM{Nqu;
(3) let α be an ordinal ă G.dimpCq and M P C, then M P Cα`1 if and only if there exists an ordinal σ
and a continuous chain 0 “ N0 ď N1 ď ¨ ¨ ¨ ď Nσ “M , such that Ni`1{Ni is either α-cocritical or
α-torsion for every i ă σ;
(4) let λ be a limit ordinal ď G.dimpCq and M P C, then M P Cλ if and only if M “
Ť
αăλTαpMq;
(5) Cα`1{Cα is semi-Artinian for all α ă G.dimpCq;
(6) let N P C be a Noetherian object, then G.dimpNq is a successor ordinal. Furthermore, there exists
a finite series 0 “ N0 ď N1 ď ¨ ¨ ¨ ď Nk “ N such that Ni{Ni´1 is cocritical for all i “ 1, . . . , k.
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2.3 Length functions compatible with self-equivalences
All along this section, let C be a Grothendieck category, let L : CÑ Rě0Yt8u be a length function and
let F : CÑ C be a self-equivalence, that is,
(Eq. 1) F is essentially surjective, i.e., for all X P C, there exists Y P C such that F pXq – Y ;
(Eq. 2) F is fully faithful, i.e., for all X,Y P C, the natural morphism HomCpX,Y q Ñ HomCpF pXq, F pY qq
is an isomorphism.
A consequence of the definition is that F preserves any structure defined by universal properties, in par-
ticular, F commutes with direct and inverse limits and it preserves exactness of sequences. Furthermore,
F commutes with injective envelopes and it preserves lattices of subobjects. It is easily seen that
LF : CÑ Rě0 Y t8u such that LF pMq “ LpF pMqq , (2.4)
for all M P C is a length function. In what follows we are going to study to what extent LF can differ
from L. The following example shows that L and LF may be very different.
Example 2.16. Consider a field K and consider the category K ˆK-Mod – K-Mod ˆK-Mod. This
category is semi-Artinian and it has a self-equivalence F : KˆK-ModÑ KˆK-Mod such that pM,Nq ÞÑ
pN,Mq and pφ, ψq ÞÑ pψ, φq. If we take L to be the length function such that LppM,Nqq “ dimKpMq,
then clearly LF ppM, 0qq “ 0 ‰ dimKpMq “ LppM, 0qq, provided M ‰ 0.
Definition 2.17. Given a Grothendieck category C and a self-equivalence F : C Ñ C, we say that a
length function L : C Ñ Rě0 Y t8u is compatible with F provided LF pMq “ LpF pMqq “ LpMq for all
M P C.
Our motivation for studying compatibility of length functions with self-equivalences is the following:
given a ring R and a ring automorphism φ : RÑ R, we define a self-equivalence
Fφ : R-ModÑ R-Mod , (2.5)
which is the scalar restriction along φ, that is: given a left R-module RM such that R acts on M via a
ring homomorphism λ : R Ñ EndZpMq, FφpMq is isomorphic to M as an Abelian group, while R acts
on FφpMq via the ring homomorphism λ ˝ φ : R Ñ EndZpFφpMqq. We are interested in finding length
functions L such that LpFφpMqq “ LpMq.
2.4 Examples of length functions
Example 2.18. Let D be a left Ore domain, let Σ “ Dzt0u and let Q “ Σ´1D be the ring of left
fractions of D. For any M P D-Mod, the torsion free rank rkpMq is defined to be the dimension of the
left module Σ´1M “ Q bD M over the skew field Q. The torsion free rank rk: D-Mod Ñ Rě0 Y t8u,
where rkpMq “ 8 whenever the rank ofM is not finite, is a length function. In particular, the dimension
of vector spaces over a field is a length function.
Example 2.19. The logarithm of the cardinality log | ´ | : Z-Mod Ñ Rě0 Y t8u, where log |G| “ 8
whenever G is not finite, is a length function.
In what follows we define the length of a lattice. This can be applied to the lattice of subobjects
of a given object in a Grothendieck category obtaining the so-called composition length, which is the
invariant inspiring the abstract notion of length function.
Definition 2.20. Let pL,ď, 0, 1q be a bounded lattice. A sequence of elements σ : 0 “ x0 ň x1 ň ¨ ¨ ¨ ň
xn “ 1 is said to be a series of L. Furthermore, the number of strict inequalities in a series σ, is called
the length of σ, in particular the above series has length n; we write it ℓpσq “ n. The length of L is
ℓpLq “ suptℓpσq : σ a series of Lu .
Example 2.21. Let C be a Grothendieck category. Notice that a series of LpMq is just a series of M .
We can define a function ℓ : CÑ Rě0 Y t8u, ℓpMq “ ℓpLpMqq. Clearly, ℓpMq “ 0 if and only if M “ 0,
ℓpMq “ 1 if and only if M is a simple object and ℓpMq ă 8 if and only if M is both Noetherian and
Artinian. It is a standard result that ℓ is a length function (see for example [Fac98] for a proof in module
categories).
In the following proposition we introduce a family of length functions that will be extremely useful
for our applications of algebraic entropy:
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Proposition 2.22. Let C be a Grothendieck category, let α be an ordinal, and let Cα be the α-th layer
in the Gabriel filtration of C. Define an invariant
ℓα : CÑ Rě0 Y t8u such that ℓαpMq :“ ℓpLpQαMqq
is the length of the lattice of subobjects of QαM in C{Cα. Then, ℓα is a length function, Kerpℓαq “ Cα,
and ℓα is compatible with any self-equivalence of C.
Proof. The fact that ℓα is a length function follows since Qα is an exact left adjoint (so it commutes with
direct limits and it sends short exact sequences to short exact sequences). The fact that Kerpℓαq “ Cα
follows since QαpXq “ 0 if and only if X P Cα, and the unique object in C{Cα whose composition length
is zero is the 0-object. The fact that ℓα is compatible with any self-equivalence of C follows directly
from the observation that, given X P C, the value ℓαpXq just depends on the lattice of subobjects LpXq,
and any self-equivalence preserves lattices of subobjects. To show this one needs just to use the lattice
theoretic description of Gabriel dimension (for this see [Nv87]), and the lattice theoretic description of
composition length given in Definition 2.20.
3 Amenable groups and crossed products
3.1 Amenable groups
Amenable groups were defined by John von Neumann in 1929 as groups admitting a left-invariant mean.
We adopt here an equivalent definition of amenability given by Følner [Fø55]. Indeed, consider two
subsets A, C Ď G, then
– the C-interior of A is InCpAq “ tx P G : xC Ď Au;
– the C-exterior of A is OutCpAq “ tx P G : xC X A ‰ Hu;
– the C-boundary of A is BCpAq “ OutCpAqzInCpAq.
If e P C, one can imagine the above notions as in the following picture
A x.
e. C
G
BCpAq
x.
e. C
A
G
InCpAq
A x.
e. C
G
OutCpAq
Definition 3.1. A group G is amenable if and only if there exists a directed set pI,ďq and a net
tFi : i P Iu of finite subsets of G such that, for any finite subset C of G,
lim
I
|BCpFiq|
|Fi|
“ 0 . (3.1)
Any such net is called a Følner net.
If G is countable, then one can take I “ N and just speak about Følner sequences. Furthermore, given
a countable group G and a Følner sequence s “ tFn : n P Nu, we say that s is a Følner exhaustion if
(1) e P F0 and Fn Ď Fn`1 for all n P N;
(2)
Ť
nPN Fn “ G.
It can be proved that a finitely generated group is amenable if and only if it admits a Følner exhaustion
(see for example [Pet13, Lemma 5.3]).
Example 3.2. (1) Any finite group and any finitely generated Abelian group is amenable;
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(2) it is known that the class of amenable groups is closed under the operations of taking subgroups,
taking factors over normal subgroups, taking extensions and taking increasing unions. We obtain
that a group G is amenable if and only if all its finitely generated subgroups are amenable, in
particular, arbitrary Abelian groups and locally finite groups are amenable;
(3) consider a finitely generated group G and let S “ S´1 be a finite set of generators containing the
unit of G. For all n P N`, let BnpSq “ ts1 ¨ . . . ¨ sn : si P Su and define a function:
fS : N` Ñ N` such that fSpnq “ |BnpSq| .
The group G is said to be of sub-exponential growth if the growth of fS is sub-exponential (it can
be shown that this notion does not depend on the choice of the generating set S). If G is of sub-
exponential growth, then tBnpSq : n P N`u is a Følner exhaustion for G (see for example [CSC10,
Section 6.11]);
(4) non-commutative free groups are not amenable. So, any group which contains a free subgroup of
rank 2 is not amenable. There exist amenable groups with exponential growth.
3.2 Non-negative real functions on finite subsets of an amenable group
In their seminal paper [OW87], Ornstein and Weiss introduced a notion of entropy for actions of amenable
groups on metric spaces. Using the theory of quasi-tiles, they were able to prove that the lim sup defining
their entropy is a true limit. In what follows, we recall some of these deep results as they can be applied
with just minor changes to our algebraic setting. The following terminology and results are due to
Ornstein and Weiss [OW87] (see also [HYZ11] and [WZ92]).
Denote by FpGq the family of all finite subsets of G. Let A1, . . . , Ak P FpGq and ε P p0, 1q. The
family tA1, . . . , Aku is ε-disjoint if there are A
1
1, . . . , A
1
k P FpGq such that
(1) A1i Ď Ai and |A
1
i|{|Ai| ą 1´ ε for i “ 1, . . . , k;
(2) A1i XA
1
j “ H if 1 ď i ‰ j ď k.
Given α P p0, 1s and A P FpGq, tA1, . . . , Aku is an α-cover of A ifˇˇˇ
AX p
Ťk
i“1Aiq
ˇˇˇ
|A|
ě α .
Finally, tA1, . . . , Aku ε-quasi-tiles A if there exist C1, . . . , Ck P FpGq such that
(1) CiAi Ď A, for all i “ 1, . . . , k, and tcAi : c P Ciu forms an ε-disjoint family;
(2) CiAi XCjAj “ H, if 1 ď i ‰ j ď k;
(3) tCiAi : i “ 1, . . . , ku forms a (1´ ε)-cover of A.
The subsets C1, . . . , Ck are called tiling centers. It is a deep result, due to Ornstein and Weiss, that
whenever G is an amenable group and tFnunPN is a Følner exhaustion, for any (small enough) ε ą 0, one
can find a nice family of subsets of G that ε-quasi-tiles Fn for all (big enough) n P N. More precisely:
Theorem 3.3. [OW87] Let G be a finitely generated amenable group and let tFnunPN be a Følner
exhaustion of G. Then, for all ε P p0, 1{4q and n¯ P N, there exist positive integers n1, . . . , nk such that
n¯ ď n1 ď ¨ ¨ ¨ ď nk and tFn1 , . . . , Fnku ε-quasi-tiles Fm, for any big enough m.
In the rest of the subsection we recall some results and terminology about non-negative invariants
for the finite subsets of G, that is, functions f : FpGq Ñ Rě0. In particular, we say that f is
(1) monotone if fpAq ď fpA1q, for all A Ď A1 P FpGq;
(2) sub-additive if fpAY A1q ď fpAq ` fpA1q, for all A, A1 P FpGq;
(3) (left) G-equivariant if fpgAq “ fpAq, for all A P FpGq and g P G.
A consequence of (3) above is that fptguq “ fpteuq, for all g P G. Thus by (2), fpAq ď
ř
gPA fptguq “
|A|fpeq, for all A P FpGq.
The following result, generally known as “Ornstein-Weiss Lemma”, is proved in [OW87] for a suitable
class of locally compact amenable groups (a direct proof, along the same lines, in the discrete case can
be found in [WZ92], while a nice alternative argument, based on ideas of Gromov, is given in [Kri07]).
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Lemma 3.4. Let G be a finitely generated amenable group and consider a monotone, sub-additive
and G-equivariant function f : FpGq Ñ Rě0. Then, for any Følner sequence tFnunPN, the sequence
pfpFnq{|Fn|qnPN converges and the value of the limit limnPN fpFnq{|Fn| is the same for any choice of the
Følner sequence.
We conclude this paragraph with the following consequence of Theorem 3.3. The proof is essentially
given in [HYZ11], we give it here for completeness sake, as our statement is slightly different.
Corollary 3.5. Let G be a finitely generated amenable group and tFnunPN be a Følner exhaustion of G.
Then, for any ε P p0, 1{4q and n¯ P N there exist integers n1, . . . , nk such that n¯ ď n1 ď ¨ ¨ ¨ ď nk and, for
any sub-additive and G-equivariant f : FpGq Ñ R we have
lim sup
nÑ8
fpFnq
|Fn|
ďMε`
1
1´ ε
¨ max
1ďiďk
fpFniq
|Fni |
,
where M “ fpteuq.
It is important to underline that the choice of the n1, . . . , nk does not depend on the function f , but
we can really find a family tn1, . . . , nku, which works for all f at the same time.
Proof. Let ε P p0, 1{4q and n¯ P N. By Theorem 3.3, there exist positive integers n1, . . . , nk such that
n¯ ď n1 ď ¨ ¨ ¨ ď nk and tFn1 , . . . , Fnku ε-quasi-tiles Fn, for all n ě n¯. We let C
1
1 , . . . , C
n
k be the tiling
centers for Fn. Thus, when n ě n¯, we have
Fn Ě
kď
i“1
C
n
i Fni and
ˇˇˇ
ˇˇ kď
i“1
C
n
i Fni
ˇˇˇ
ˇˇ ě max
#
p1´ εq|Fn| , p1´ εq
kÿ
i“1
|Cni | ¨ |Fni |
+
.
Now, let f : FpGq Ñ Rě0 be a sub-additive and G-equivariant function, we obtain that
fpFnq
|Fn|
ď
f
´
Fnz
Ťk
i“1 C
n
i Fni
¯
|Fn|
`
f
´Ťk
i“1 C
n
i Fni
¯
|Fn|
ďM ¨
ˇˇˇ
Fnz
Ťk
i“1 C
n
i Fni
ˇˇˇ
|Fn|
`
f
´Ťk
i“1 C
n
i Fni
¯
ˇˇˇŤk
i“1 C
n
i Fni
ˇˇˇ
ďMε`
f
´Ťk
i“1 C
n
i Fni
¯
ˇˇˇŤk
i“1 C
n
i Fni
ˇˇˇ
ďMε`
řk
i“1 |C
n
i |fpFniq
p1´ εq
řk
i“1 |C
n
i | ¨ |Fni |
ďMε`
1
1´ ε
¨ max
1ďiďk
fpFniq
|Fni |
.
3.3 Crossed products
Given a group G and a ring R, a crossed product R˚G of R with G is a ring constructed as follows: as
a set, R˚G is the collection of all the formal sums of the formÿ
gPG
rgg ,
with rg P R and rg “ 0 for all but finite g P G, and where the g are symbols uniquely assigned to each
g P G. Sum in R˚G is as expected, that is, it is defined component-wise exploiting the addition in R:˜ÿ
gPG
rgg
¸
`
˜ÿ
gPG
sgg
¸
“
ÿ
gPG
prg ` sgqg .
In order to define a product in R˚G, we need to take two maps
σ : GÑ AutringpRq and ρ : GˆGÑ UpRq ,
where AutringpRq denotes the group of automorphisms of R in the category of (unitary) rings, while
UpRq is the group of units of R. Given g P G and r P R we denote the image of r via the automorphism
σpgq by rσpgq. We suppose also that σ and ρ satisfy the following conditions for all r P R and g1, g2 and
g3 P G:
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(Cross.1) ρpg1, g2qρpg1g2, g3q “ ρpg2, g3q
σpg1qρpg1, g2g3q;
(Cross.2) rσpg2qσpg1q “ ρpg1, g2qr
σpg1g2qρpg1, g2q
´1;
(Cross.3) ρpg, eq “ ρpe, gq “ 1 (for all g P G) and σpeq “ 1.
The product in R˚G is defined by the rule prgqpshq “ rsσpgqρpg, hqgh, together with bilinearity, that is˜ÿ
gPG
rgg
¸˜ÿ
gPG
sgg
¸
“
ÿ
gPG
˜ ÿ
h1h2“g
rh1s
σph1q
h2
ρph1, h2q
¸
g .
By (Cross.1) and (Cross.2) above, R˚G is an associative and unitary ring, while by (Cross.3) 1R˚G “ e.
For more details on this kind of construction we refer to [Pas89].
Notice that there is a canonical injective ring homomorphism R Ñ R˚G such that r ÞÑ re; for this
we identify R with a subring of R˚G. This allows one to consider a forgetful functor from R˚G-ModÑ
R-Mod. On the other hand, in general there is no natural map G Ñ R˚G which is compatible with
the operations, anyway the obvious assignment g ÞÑ g respects the operations modulo some units of R.
Thus, given a left R˚G-module M , there is a canonical map
λ : GÑ AutZpMq , g ÞÑ λg , λgpmq “ gm , (3.2)
which is not in general a homomorphism of groups. Given an R-submodule RK ď M and an element
g P G, λgpKq is again an R-submodule of M but it is not in general isomorphic to RK. As described in
(2.5), there is a self-equivalence of the category R-Mod, induced by the ring automorphism σpgq
Fσpgq : R-ModÑ R-Mod .
It follows by the definitions that λgpKq “ gK – FσpgqK. In particular, if L is a length function
compatible with the equivalence Fσpgq, then LpλgpKqq “ LpKq. This useful fact motivates the following
Definition 3.6. Let R˚G be a crossed product and let L : R-Mod Ñ Rě0 Y t8u be a length function.
Then, L is said to be compatible with R˚G provided L is compatible with Fσpgq, for all g P G.
4 The algebraic L-entropy
We fix all along this section a ring R, an infinite finitely generated amenable group G, a crossed product
R˚G and a length function L : R-ModÑ Rě0 Y t8u compatible with R˚G.
Let us remark that, if R is a (skew) field, L “ dimR is compatible with any crossed product R˚G;
more generally, this happens for all the functions ℓα described in Subsection 2.3. On the other hand, if
R˚G “ RrGs, then any length function is trivially compatible with R˚G.
4.1 Definition and basic properties
In this subsection we define the algebraic entropy as an invariant for left R˚G-modules. It turns out
that this notion is not well-behaved on all the R˚G-modules but just on a subclass of R˚G-Mod of all
the R˚G-modules M for which the family of submodules FinLpMq :“ tRK ď M : LpKq ă 8u is big
enough. More precisely:
Definition 4.1. A left R-module M is said to be locally L-finite if FinLpMq contains all the finitely
generated submodules of M . We denote by lFinpLq the class of all the locally L-finite left R-modules
while we let lFinLpR˚Gq be the class of all the left R˚G-modules R˚GM such that RM P lFinpLq, that is
lFinLpR˚Gq :“ tM P R˚G-Mod : LpKq ă 8 for any f.g. RK ďMu .
Notice that lFinpLq is closed under taking direct limits, quotients and submodules but not in general
under taking extensions (see [SVV13]).
Let M P lFinLpR˚Gq. Then, given K P FinLpMq and F P FpGq we let
TF pKq :“
ÿ
gPF
gK .
By the additivity of L and the compatibility of L with R˚G, LpTF pKqq ď
ř
gPF LpgKq “ |F |LpKq ă 8.
In particular, for any L-finite submodule K of M we obtain a function
fK : FpGq Ñ Rě0 fKpF q :“ LpTF pKqq .
We now verify that the above function satisfies the hypotheses of the Ornstein-Weiss Lemma:
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Lemma 4.2. In the above notation, fK is monotone, sub-additive and G-equivariant.
Proof. Let F, F 1 P FpGq. The proof follows by the properties of L, in fact, TF pKq`TF 1pKq “ TFYF 1pKq
and so fKpF q ` fKpF
1q ě fKpF Y F
1q, proving sub-additivity. Furthermore, if F Ď F 1 then TF pKq ď
TF 1pKq and so fKpF q ď fKpF
1q, proving monotonicity. Finally, for any g P G,
TgF pKq “
ÿ
fPF
gfK “
ÿ
fPF
g fpρpg, fqσpghqq´1K “ g
ÿ
fPF
fK “ gTF pKq ,
since pρpg, fqσpghqq´1 is a unit of R and so pρpg, fqσpghqq´1K “ K. Thus, by the compatibility of L with
R˚G, LpTgF pKqq “ LpgTF pKqq “ LpTF pKqq, proving that fK is G-equivariant.
Thus, by the Ornstein-Weiss Lemma, the limit in the following definition exists and it does not
depend on the choice of the Følner sequence.
Definition 4.3. Let M P lFinLpR˚Gq, let tFnunPN be a Følner sequence for G and let RK P FinLpMq.
The L-entropy of R˚GM with respect to K is
entLpR˚GM,Kq :“ lim
nÑ8
LpTFnpKqq
|Fn|
.
The L-entropy of the R˚G-module R˚GM is entLpR˚GMq :“ suptentLpM,Kq : K P FinLpMqu.
Remark 4.4. We defined the L-entropy for left R˚G-modules in case G is finitely generated. Anyway,
the exact same procedure allows one to define this invariant when G is just countable (but not necessarily
finitely generated). Furthermore, standard variations of the above arguments using Følner nets allow
one to define a similar invariant in case G is not countable.
Example 4.5. Given R˚GM P lFinLpR˚Gq such that LpRMq ă 8, entLpR˚GMq “ 0. Indeed, given
K P FinLpMq, entLpM,Kq ď limnÑ8 LpMq{|Fn| ď limnÑ8 LpMq{n “ 0 (use the fact that, as G is
infinite, we can take a Følner sequence such that Fn ň Fn`1 for all n P N, thus |Fn| ě n).
Given a locally L-finite R˚G-module R˚GM and an R˚G-submodule N ď M , there is an inclusion
FinLpNq Ď FinLpMq, this easily implies the following lemma:
Lemma 4.6. Let R˚GM P lFinLpR˚Gq and R˚GN ďM . Then, entLpR˚GMq ě entLpR˚GNq.
In fact, entropy is also monotone under taking quotients, but we need some more work before showing
that (see Corollary 4.11). Let us conclude this subsection with the following consequence of Corollary
3.5:
Corollary 4.7. Let tFnunPN be a Følner exhaustion of G. Then, for any ε P p0, 1{4q and n P N there
exist n1, . . . , nk P N with n ď n1 ď ¨ ¨ ¨ ď nk such that, given an L-finite submodule K ďM ,
entLpM,Kq ď ε ¨ LpKq `
1
1´ ε
¨ max
1ďiďk
LpTFni pKqq
|Fni |
.
Proof. This is a straightforward application of Corollary 3.5. In fact, the function fK : FpGq Ñ Rě0
such that fKpF q “ LpTF pKqq satisfies the hypotheses of such corollary for any L-finite R-submodule K
of M , by Lemma 4.2. Furthermore, limnÑ8 fKpFnq{|Fn| “ entLpM,Kq by the definition of entropy.
4.2 The algebraic entropy is upper continuous
The following result allows us to redefine the algebraic entropy in terms of finitely generated submodules.
Proposition 4.8. Let R˚GM P lFinLpR˚Gq and let H ď K P FinLpMq.
(1) if LpK{Hq ă ε, then entLpM,Kq ´ entLpM,Hq ă ε;
(2) entLpR˚GMq “ suptentLpM,Kq : RK finitely generatedu.
Proof. For any g P G, gK{gH – FσpgqpK{Hq so, since L is compatible with Fσpgq, LpgK{gHq ă ε.
Thus, by the additivity of L,
LpTFnpKq{TFnpHqq ď
ÿ
gPFn
LppgK ` TFnpHqq{TFnpHqq ă |Fn|ε ,
for all n P N, where tFnunPN is a Følner sequence. Therefore, entLpM,Kq ´ entLpM,Hq ă ε. We can
now verify part (2). Indeed, the inequality “ď” comes directly from the definition of entropy. On the
other hand, given K P FinLpMq and ε ą 0, by the upper continuity of L there exists H ď K finitely
generated such that LpKq ´ LpHq ă ε. By part (1), entLpM,Kq ă entLpM,Hq ` ε, which easily yields
the claim.
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The following corollary deals with the case when M is generated (as R˚G-module) by an L-finite
R-submodule K, that is, M “ TGpKq. In such situation one does not need to take a supremum to
compute entropy.
Corollary 4.9. Let M be a left R˚G-module such that M “ TGpKq for some K P FinLpMq, then
entLpMq “ entLpM,Kq .
Proof. Given a finitely generated R-submodule H of M , we can find a finite subset e P F Ď G such that
H Ď TF pKq. This shows that entLpM,Hq ď entLpM,TF pKqq. By the Følner condition,
lim
nÑ8
|FnF |
|Fn|
ď lim
nÑ8
|Fn Y
Ť
fPF BF pFnqf |
|Fn|
ď 1` lim
nÑ8
ÿ
fPF
|BF pFnqf |
|Fn|
“ 1 .
On the other hand, |FnF |{|Fn| ě 1 so limnÑ8 |FnF |{|Fn| “ 1. We obtain that
entLpM,TF pKqq “ lim
nÑ8
TFnpTF pKqq
|Fn|
“ lim
nÑ8
TFnF pKq
|Fn|
¨
|Fn|
|FnF |
“ entLpM,Kq ,
where the last equality comes from the fact that tFnF unPN is a Følner sequence (use the fact that, for any
C Ď FpGq and n P N, one has the inclusion BCpFnF q Ď BCF´1pFnq and apply the Følner condition for
tFnunPN) and the definition of entL does not depend on the choice of a particular Følner sequence. Thus,
entLpM,Hq ď entLpM,Kq for any finitely generated H ďM ; one concludes by Proposition 4.8.
The upper continuity of entL can now be verified easily using the above lemma and Proposition 4.8:
Corollary 4.10. The invariant entL : lFinLpR˚Gq Ñ Rě0 Y t8u is upper continuous.
Proof. The fact that entL is an invariant can be derived by the definition and the fact that L is an
invariant. Now, let M P lFinLpR˚Gq, then by Proposition 4.8 and Corollary 4.9 we get
entLpR˚GMq “ suptentLpM,Kq : K finitely generated R-submodule of Mu
“ suptentLpR˚GpTGpKqq : K finitely generated R-submodule of Mu
“ suptentLpR˚GNq : N finitely generated R˚G-submodule of Mu .
Another consequence of Proposition 4.8 is the monotonicity of entropy under taking quotients:
Corollary 4.11. Let R˚GM P lFinLpR˚Gq and R˚GN ďM . Then, entLpR˚GMq ě entLpR˚GpM{Nqq.
Proof. Given a finitely generated submodule K¯ ďM{N , there exists a finitely generated (thus L-finite)
submodule K ďM such that pK `Nq{N – K¯. Given a Følner sequence tFnunPN,
TFnpK¯q “ pTFnpKq `Nq{N and so LpTFnpK¯qq ď LpTFnpKqq for all n P N .
Dividing by |Fn| and passing to the limit we get entLpM{N, K¯q ď entLpM,Kq ď entLpR˚GMq.
We conclude this subsection with the following property that will be extremely useful in proving the
additivity of entropy.
Proposition 4.12. Let M P lFinLpR˚Gq be finitely generated and let tNi : i P Iu be a directed system
of R˚G-submodules. Letting N :“
Ť
i
Ni, entLpM{Nq “ infi entLpM{Niq.
Proof. The inequality “ď” follows by Corollary 4.11. On the other hand, let K P FinLpMq be a finitely
generated R-submodule such that TGpKq “ M ; let also K¯ :“ pK ` Nq{N and K¯i :“ pK `Niq{Ni for
all i P I . By Lemma 4.9, entLpM{Nq “ entLpM{N, K¯q and entLpM{Niq “ entLpM{Ni, K¯iq, for all i.
Now fix (arbitrarily) a constant ε P p0, 1{4q and notice that:
(a) there exists m P N such that
LpTFnpK¯qq
|Fn|
ď entLpM{Nq ` ε for all n ě m;
(b) there exist m ď m1 ď ¨ ¨ ¨ ď mk P N such that entLpM{Niq ď ε ¨LpK¯iq`
1
1´ ε
¨ max
1ďtďk
LpTFmt pK¯iqq
|Fmt |
,
for all i P I , by Corollary 4.7;
(c) for any t P t1, . . . , ku there exists jt P I such that LpTFmt pK¯jqq ď infi
LpTFmt pK¯iqq ` ε “
LpTFmt pK¯qq ` ε, whenever Nj ě Njt , where for the equality we use Proposition 2.7.
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Since tNi : i P Iu is directed, there exists j¯ P I such that
řk
t“1Njt ď Nj¯ . Thus,
inf
i
entLpM{Niq ď entLpM{Nj¯q
pbq
ď ε ¨ LpK¯j¯q `
1
1´ ε
¨ max
1ďtďk
LpTFmt pK¯j¯qq
|Fmt |
pcq
ď ε ¨ LpK¯j¯q `
1
1´ ε
¨
LpTFmt pK¯qq ` ε
|Fmt |
paq
ď ε ¨ LpK¯j¯q `
1
1´ ε
¨ pentLpM{Nq ` 2εq .
As this holds for any small enough ε ą 0, the conclusion follows.
4.3 The algebraic entropy is additive
In this subsection we complete the proof of the fact that
entL : lFinLpR˚Gq Ñ Rě0 Y t8u
is a length function. In fact we have already seen that entL is an upper continuous invariant. To verify
the additivity of entL, by Propositions 2.7 and 4.12, it is enough to check that entL is additive on short
exact sequences of finitely generated modules.
The computations in the following proposition are freely inspired to the proof of the Abramov-Rokhlin
Formula given in [WZ92]. The context (and even the statements) in that paper is quite different but
the ideas contained there can be perfectly adapted to our needs.
Proposition 4.13. Let 0 Ñ N Ñ M Ñ M{N Ñ 0 be a short exact sequence of finitely generated left
R˚G-modules, then entL pR˚GMq “ entL pR˚GNq ` entL pR˚GpM{Nqq.
Proof. Fix a Følner exhaustion tFnunPN of G and finitely generated R-submodules K ď M and K
1 ď
KXN such that TGpK
1q “ N and TGpKq “M . If we let K¯ :“ pK`Nq{N ďM{N , then TGpK¯q “M{N .
By Lemma 4.9, entLpMq “ entLpM,Kq, entLpNq “ entLpN,K
1q and entLpM{Nq “ entLpM{N, K¯q.
Let ε P p0, 1{4q, by the existence of the limits defining L-entropy, we can find n¯ P N such thatˇˇˇ
ˇLpTFnpKqq|Fn| ´ entLpMq
ˇˇˇ
ˇ ă ε ,
ˇˇˇ
ˇLpTFnpK1qq|Fn| ´ entLpNq
ˇˇˇ
ˇ ă ε ,
ˇˇˇ
ˇLpTFnpK¯qq|Fn| ´ entLpM{Nq
ˇˇˇ
ˇ ă ε ,
for all n ě n¯. Moreover, LpTFmpKqq “ LpTFmpK
1qq`LpTFmpKq{TFmpK
1qq ě LpTFmpK
1qq`LpTFmpK¯qq,
for all m P N, and so, for all m ě n¯,
entLpMq ě
LpTFmpKqq
|Fm|
´ ε ě
LpTFmpK
1qq
|Fm|
`
LpTFmpK¯qq
|Fm|
´ ε ě entLpNq ` entLpM{Nq ´ 3ε ,
yielding the inequality entLpMq ě entLpNq ` entLpM{Nq. For the converse inequality, notice that
entLpMq ď
LpTFmpKqq
|Fm|
` ε “
LpTFmpK
1qq
|Fm|
`
LpTFmpKq{TmpK
1qq
|Fm|
` ε
ď entLpNq `
LpTFmpKq{TmpK
1qq
|Fm|
` 2ε .
To conclude we should verify that pLpTFmpKq{TmpK
1qqq{|Fm| is close enough to entLpM{Nq.
Since tFnu is a Følner exhaustion, N “
Ť
nPN TFnpK
1q and so, for any L-finite submoduleH ďM , LpHX
Nq “ limnÑ8 LpHXTFnpK
1qq, by upper continuity. Using additivity, LppH`Nq{Nq “ limnÑ8 LppH`
TFnpK
1qq{TFnpK
1qq, so that |LppH ` Nq{Nq ´ LppH ` TFnpK
1qq{TFnpK
1qq| ă ε, for any big enough
n P N. By Theorem 3.3, there exist n¯ ă n1 ă ¨ ¨ ¨ ă nk P N and n¯
1 such that tFn1 , . . . , Fnku ε-quasi-tiles
Fm for all m ě n¯
1. Applying the above argument with H “ TFni pKq (for all i “ 1, . . . , k), we can find
n ě maxtn¯1, nku such that ˇˇˇ
ˇˇL
˜
TFni pKq ` TFnpK
1q
TFnpK1q
¸
´ LpTFni pK¯qq
ˇˇˇ
ˇˇ ă ε (4.1)
for all n ě n and all i “ 1, . . . , k. From now on we fix m ě n¯ such that |B
F
´1
n¯
Fn¯
pFmq|{|Fm| ď ε. Notice
that, given i P t1, . . . , ku, Fni Ď Fn¯, and so BFn¯pFmqFni Ď BF´1
n¯
Fn¯
pFmq. Thus,
|BFn¯pFmqFni |{|Fm| ă ε , for all i “ 1, . . . , k.
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We choose tiling centers C1, . . . , Ck for Fm, so that
|Fm| ě
ˇˇˇ
ˇˇ kď
i“1
CiFni
ˇˇˇ
ˇˇ ě max
#
p1´ εq|Fm| , p1´ εq
kÿ
i“1
|Ci||Fni |
+
, (4.2)
Consider the following estimate:
1
|Fm|
L
˜
TFmz
Ť
i
CiFni
pKq ` TFmpK
1q
TFmpK
1q
¸
ď
LpTFmz
Ť
i
CiFni
pKqq
|Fm|
(4.3)
ď
|Fmz
Ť
i CiFni |
|Fm|
LpKq ď εLpKq ,
Given i P t1, . . . , ku, using that CiFni Ď pCizBFnpFmqqFni Y BFnpFmqFni , we get:
1
|Fm|
L
˜
TCiFni
pKq ` TFmpK
1q
TFmpK
1q
¸
ď
ď
1
|Fm|
ÿ
cPCizBF
n
pFmq
L
˜
TcFni
pKq ` TFmpK
1q
TFmpK
1q
¸
`
1
|Fm|
L
¨
˝TBFn pFmqFni pKq ` TFmpK 1q
TFmpK
1q
˛
‚
ď
1
|Fm|
ÿ
cPCizBF
n
pFmq
L
˜
TFni
pKq ` Tc´1FmpK
1q
Tc´1Fm
pK 1q
¸
`
|BF
n
pFmqFni |LpKq
|Fm|
ď
|Ci|
|Fm|
L
˜
TFni
pKq ` TF
n
pK 1q
TF
n
pK 1q
¸
` εLpKq
ď
|Ci|LpTFni pK¯qq ` |Ci|ε
|Fm|
` εLpKq ď
|Ci||Fni |
|Fm|
entLpM{Nq ` ε
ˆ
|Ci||Fni |
|Fm|
`
|Ci|
|Fm|
` LpKq
˙
(4.4)
where the second inequality follows by the compatibility of L with R˚G, the third one is true since
Fn Ď c
´1Fm for all c P CizBF
n
pFmq, and the fourth one follows by (4.1).
Let us assemble together the above computations:
LpTFmpKq{TFmpK
1qq
|Fm|
ď
1
|Fm|
L
˜
TŤ
i
CiFni
pKq ` TFmpK
1q
TFmpK
1q
¸
`
1
|Fm|
L
˜
TFmz
Ť
i
CiFni
pKq ` TFmpK
1q
TFmpK
1q
¸
(4.3)
ď
1
|Fm|
kÿ
i“1
L
˜
TCiFni
pKq ` TFmpK
1q
TFmpK
1q
¸
` εLpKq
(4.4)
ď
kÿ
i“1
ˆ
|Ci||Fni |
|Fm|
entLpM{Nq ` ε
ˆ
|Ci||Fni |
|Fm|
`
|Ci|
|Fm|
` LpKq
˙˙
` εLpKq
ď
entLpM{Nq
1´ ε
` ε
ˆ
2
1´ ε
` pk ` 1qLpKq
˙
.
Hence, we have obtained that
entLpMq ď entLpNq `
entLpM{Nq
1´ ε
` ε
ˆ
2
1´ ε
` pk ` 1qLpKq
˙
,
holds for any ε P p0, 1{4q, and so entLpMq ď entLpNq ` entLpM{Nq, concluding the proof.
4.4 Values on (sub)shifts
This subsection is devoted to compute the values of the entropy on the left R˚G-modules of the form
M “ R˚G bR K, for some left R-module K, and their R˚G-submodules. This will conclude the proof
of Theorem B.
Definition 4.14. A left R˚G-module of the form M “ R˚GbR K is said to be a Bernoulli shift while
any of its R˚G-submodules is a subshift.
Notice that, given a Bernoulli shift M “ R˚G bR K, there is a direct sum decomposition, as a left
R-module, RM –
À
gPG gK. Thus, for any F P FpGq,
TF pgKq “
à
hPF
hgK and TGpgKq “M . (4.5)
In the following example we compute the algebraic entropy of Bernoulli shifts.
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Example 4.15. In the above notation, suppose LpKq ă 8. By Lemma 4.9 and (4.5), we obtain that
entLpR˚GMq “ entLpM,Kq. Furthermore, again by (4.5), LpTF pKqq{|F | “ LpKq, for all F P FpGq.
Therefore, entLpMq “ LpKq.
The computation in the above example shows that the entropy of M “ R˚GbR K is 0 if and only
if LpKq “ 0, if and only if LpMq “ 0. Our next goal is to show that, if R˚GN is a subshift of M , then
entLpR˚GNq “ 0 if and only if LpRNq “ 0. This will be proved in Proposition 4.18 but first we need to
recall some useful terminology and results from [CSC06].
Definition 4.16. Let E and F be subsets of G. A subset N Ď G is an pE,F q-net if it satisfies the
following conditions:
(1) the subsets pgEqgPN are pairwise disjoint, that is, gE X g
1E “ H for all g ‰ g1 P N ;
(2) G “
Ť
gPN gF .
The following lemma is a variation of [CSC06, Lemmas 2.2 and 4.3].
Lemma 4.17. Let tFnunPN be a Følner sequence, E Ď F Ď G be finite subsets with e P F and N an
pE,F q-net. Then,
(1) there exists an pE,EE´1q-net;
(2) there exist α P p0, 1s and n0 P N such that |Fn XN | ě α ¨ |Fn|, for all n ą n0.
Proof. Part (1) is proved in [CSC06, Lemma 2.2], so let us concentrate on part (2). For each n P N, let
F`Fn “ OutF pFnq XN and notice that F
`F
n zpFn XN q Ď BF pFnq. Furthermore, since Fn is covered by
the sets gF , g P F`Fn , we have |Fn| ď |F ||F
`F
n |. Let now α1 “ 1{|F |, thus
α1|Fn| ´ |Fn XN | ď |F
`F
n | ´ |Fn XN | ď |F
`F
n zpFn XN q| ď BF pFnq .
Let α2 P p0, α1q. By the Følner condition, there exists n0 P N such that |BF pFnq|{|Fn| ď α2 for all
n ą n0. Thus, letting α “ α1 ´ α2 P p0, 1s, we get |Fn X N | ě α1|Fn| ´ BF pFnq ě α|Fn|, for all
n ą n0.
Proposition 4.18. Let K be an L-finite left R-module and R˚GN a subshift of M “ R˚GbRK. Then,
entLpR˚GNq “ 0 if and only if LpRNq “ 0 .
Proof. Suppose LpRNq ‰ 0, then there exists x P N such that LpRxq ‰ 0. Let E be the set of all
elements h P G such that, writing x “
ř
gPG gxg, the component xh is not 0. We fix an pE,EE
´1q-net
N . Notice that, given f1 ‰ f2 P N , then βf1pRxq X βf2pRxq “ 0. Thus, by Lemma 4.17, we can find
n0 P N and α P p0, 1q such that
LpTFnpRxqq ě LpTFnXN pRxqq “ |Fn XN |LpRxq ě α|Fn|LpRxq
for all n ą n0. In particular, entLpR˚GNq ě entLpN,Rxq ě αLpRxq ‰ 0.
5 Applications
5.1 Stable finiteness
Let R be a ring. Recall from the introduction that a left R-module M is said to be hopfian if any of
its surjective endomorphisms is bijective. Recall also that a ring R is directly finite if xy “ 1 implies
yx “ 1 for all x, y P R. Furthermore, R is stably finite if the ring MatkpRq of kˆ k square matrices with
coefficients in R, is directly finite for all k P N`.
The following lemma gives a natural connection between stable finiteness and Hopficity:
Lemma 5.1. Given a ring R and a positive integer k, the following are equivalent:
(1) RkR is hopfian (as a right R-module);
(2) RR
k is hopfian (as a left R-module);
(3) MatkpRq is directly finite.
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As we said, our interest in Hopficity is motivated by the Stable Finiteness Conjecture, stating that
for any field K and any group G, the group ring KrGs is stably finite. In fact, a fairly general case of
this conjecture was recently verified by Elek and Szabo´ [ES04] that proved that KrGs is stably finite
for any division ring K and any sofic group G. A straightforward consequence is that, under these
hypotheses, MatnpKrGsq is stably finite. Now, by the Artin-Wedderburn Theorem, given a semisimple
Artinian ring R, there exist positive integers k, n1, . . . , nk P N` and division rings K1, . . . ,Kk such that
R – Matn1pK1q ˆ ¨ ¨ ¨ ˆMatnkpKkq. This implies that, RrGs – Matn1pK1rGsq ˆ ¨ ¨ ¨ ˆMatnk pKkrGsq,
thus a consequence of the above theorem is that RrGs is stably finite whenever R is semisimple Artinian
and G sofic. This result can be further generalized as follows:
Remark 5.2. [Ferran Cedo´, private communication (2012)] If R is a ring with left Krull dimension
(for example see [MR01]) and G is sofic, then RrGs is stably finite. First of all, notice that, if I is a
nilpotent ideal of R, then IrGs “ RrGsI is a nilpotent ideal of RrGs and so one can reduce the problem
modulo nilpotent ideals. Now, by [MR01, Corollary 6.3.8], the prime radical N of R is nilpotent and
N “ P1X¨ ¨ ¨XPm, where P1, . . . , Pm are minimal prime ideals. Thus, by [MR01, Proposition 6.3.5], R{N
is a semiprime Goldie ring and so, by [MR01, Theorem 2.3.6] R{N has a classical semisimple Artinian
ring of quotients S. In particular, pR{NqrGs embeds in SrGs and it is therefore stably finite.
Both the proof of the residually amenable case due to Ara, O’Meara and Perera, and the proof of
the sofic case due to Elek and Szabo´, consist in finding a suitable embedding of KrGs in a ring which is
known to be stably finite. Such methods are really effective but, as far as we know, cannot be used to
obtain information on the modules over KrGs. It seems natural to ask the following
Question 5.3. Let G be a group, R a ring and let R˚G be a fixed crossed product. Given a finitely
generated left R˚G-module R˚GM , when is R˚GM an hopfian module?
Using the theory of algebraic entropy we can now prove that a large class of left R˚G-modules is
hereditarily Hopfian (i.e., any submodule is Hopfian), in case R is left Noetherian and G amenable
(see the statement of Theorem A). We remark that this is a very strong version of Kaplasky’s Stable
Finiteness Conjecture in the amenable case, which can be re-obtained as a corollary. The proof of
Theorem A makes use of the full force of the localization techniques introduced in Section 2. Such heavy
machinery hides in some sense the idea behind the proof; this is the reason for which we prefer to give
first the proof of the following more elementary statement, whose proof is far more transparent:
Lemma 5.4. Let K be a division ring, let G be a finitely generated amenable group and fix a crossed
product K˚G. For all n P N`, pK˚Gq
n “ K˚GbKn is a hereditarily hopfian left K˚G-module.
Proof. Let n P N` and choose K˚G-submodules N ďM ď pK˚Gq
n such that there exists a short exact
sequence
0Ñ N ÑM ÑM Ñ 0 ,
we have to show that N “ 0. The length function dim : K-Mod Ñ Rě0 Y t8u is compatible with any
crossed product, so we can consider the dim-entropy of left K˚G-modules. In particular,
entdimpMq “ entdimpMq ` entdimpNq and 0 ď entdimpNq ď entdimpMq ď entdimpK˚GbK
nq “ n .
Thus, entdimpNq “ 0. By Proposition 4.18, this implies that dimpNq “ 0, that is, N “ 0.
The same argument of the above proof can be used to prove Theorem A, modulo the fundamental
tool of Gabriel dimension:
Proof of Theorem A. Consider a left R˚G-submodule M ď R˚G bR K and a short exact sequence of
left R˚G-modules
0Ñ Kerpφq ÑM
φ
ÝÑM Ñ 0 .
In order to go further with the proof we need to show that, as a left R-module, the Gabriel dimension
of Kerpφq is a successor ordinal whenever it is not ´1 (i.e., whenever Kerpφq ‰ 0). This follows by the
following
Lemma 5.5. In the hypotheses of Theorem A, G.dimpRNq is a successor ordinal for any non-trivial
R-submodule N ď R˚GbR K.
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Proof. A consequence of Lemma 2.15 (6) is that Tα`1pKq{TαpKq ‰ 0 for just finitely many
ordinals α. Notice that TαpR˚G bR Kq – R˚G bR TαpKq, as left R-modules, for any ordinal
α. Thus, Tα`1pR˚G bR Kq{TαpR˚G bR Kq ‰ 0 for finitely many ordinals. Notice also that
TαpNq “ TαpR˚GbR Kq XN for all α, thus,
Tα`1pNq
TαpNq
“
Tα`1pR˚GbR Kq XN
TαpR˚GbR Kq XN
–
–
pTα`1pR˚GbR Kq XNq `TαpR˚GbR Kq
TαpR˚GbR Kq
ď
Tα`1pR˚GbR Kq
TαpR˚GbR Kq
is different from zero for finitely many ordinals α. Thus,
G.dimpNq “ suptα` 1 : Tα`1pNq{TαpNq ‰ 0u “ maxtα` 1 : Tα`1pNq{TαpNq ‰ 0u
is clearly a successor ordinal.
Now, suppose that Kerpφq ‰ 0 and let G.dimpKerpφqq “ α` 1. We want to show that
φæTα`1pMq : Tα`1pMq Ñ Tα`1pMq
is surjective. Indeed, if there is x P Tα`1pMqzφpTα`1pMqq, it means that there exists y PMzTα`1pMq
such that φpyq “ x (by the surjectivity of φ). This is to say that there is a short exact sequence
0Ñ Kerpφq XR˚Gy Ñ R˚Gy Ñ R˚GxÑ 0 ,
with G.dimpRpR˚Gyqq ŋ α`1 ě maxtG.dimpRpKerpφqXR˚Gyqq,G.dimpRpR˚Gxqqu, which contradicts
Lemma 2.15(4). Thus, we have a short exact sequence of left R˚G-modules
0Ñ Kerpφq Ñ Tα`1pMq Ñ Tα`1pMq Ñ 0 .
Consider the length function ℓα : R-Mod Ñ Rě0 Y t8u described in Subsection 2.3 and recall that
Kerpℓαq is exactly the class of all left R-modules with Gabriel dimension ď α. Furthermore, Tα`1pKq
is a Noetherian module, thus, QαpTα`1pKqq is a Noetherian object in a semi-Artinian category, that is,
an object with finite composition length, for this reason ℓαpTα`1pKqq “ ℓpQαpTα`1pKqqq ă 8. Using
the computations of Example 4.15 and the Addition Theorem, we get
entℓαpTα`1pR˚GbKqqq “ ℓαpTα`1pKqq ă 8 and entℓαpTα`1pMqq “ entℓαpTα`1pMqq`entℓαpKerpφqq .
Hence, entℓαpKerpφqq “ 0 which, by Proposition 4.18, is equivalent to say that ℓαpKerpφqq “ 0, contra-
dicting the fact that G.dimpKerpφqq “ α` 1.
In the above proof we made use of the Addition Theorem for the algebraic entropy, which is quite
a deep result. We want to underline that if one is only interested in the second part of the statement,
that is, stable finiteness of endomorphism rings, then it is sufficient to use the weaker additivity of the
algebraic entropy on direct sums, which can be independently verified as an exercise.
Example 5.6. Let G be a free group of rank ě 2 and let K be a field. It is well-known that KrGs is
not left (nor right) Noetherian so we can find a left ideal KrGsI ď KrGs which is not finitely generated.
Furthermore, by [Coh06, Corollary 7.11.8], KrGs is a free ideal ring, so I is free. This means that I is
isomorphic to a coproduct of the form KrGspNq which is obviously not hopfian.
Let us conclude this subsection with the following problem:
Problem 5.7. Study the class of finitely generated groups G such that the group algebra KrGs is heredi-
tarily Hopfian for any skew field K. Is it true that this property characterizes the class of finitely generated
amenable groups?
One could also state an analogous problem including all the possible crossed products K˚G, instead
of just the group algebras KrGs.
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5.2 Zero-Divisors
In this last section of the paper we discuss another classical conjecture due to Kaplansky about group
rings connecting it to the theory of algebraic entropy:
Conjecture 5.8 (Kaplansky). Let K be a field and G be a torsion-free group. Then KrGs is a domain.
Some cases of the above conjecture are known to be true but the conjecture is fairly open in general
(for a classical reference on this conjecture see for example [Pas85]). In most of the known cases, the
strategy for the proof is to find an immersion of KrGs in some division ring. This is clearly sufficient
but, in principle, it is a stronger property. To the best of the author’s knowledge, the following question
remains open: Is it true that KrGs is a domain if and only if KrGs is a subring of a division ring?
The above question is known to have positive answer if G is amenable (see [Lu¨c02, Example 8.16]). In
this section we provide an alternative argument to answer the above question for amenable groups (in
the more general setting of crossed group rings) and we translate the amenable case of Conjecture 5.8
into an equivalent statement about algebraic entropy. This approach is inspired to the work of Nhan-Phu
Chung and Andreas Thom [CT13]. Indeed, we can prove the following
Theorem 5.9. Let K be a division ring and let G be a finitely generated amenable group. For any fixed
crossed product K˚G, the following are equivalent:
(1) K˚G is a left (and right) Ore domain;
(2) K˚G is a domain;
(3) entdimpK˚GMq “ 0, for every proper quotient M of K˚G;
(4) Impentdimq “ NY t8u.
Before proving the above theorem we recall some useful properties about Ore domains. We start
recalling that a domain D is left Ore if DxXDy ‰ t0u for all x, y P Dzt0u. It can be shown that this is
equivalent to say that D is a left flat subring of a division ring.
Proposition 5.10. A domain D is left Ore if and only if there is a length function L : D-Mod Ñ
Rě0 Y t8u such that LpDq “ 1.
Proof. If D is left Ore, then D is a flat subring of a division ring K. Then there is an exact functor
KbD ´ : D-ModÑ K-Mod which commutes with direct limits. Thus, we can define the desired length
function L simply letting LpDMq :“ dimKpKbD Mq.
On the other hand, suppose that there is a length function L : D-ModÑ Rě0Yt8u such that LpDq “ 1
and choose x, y P Dzt0u. Since D is a domain, both Dx and Dy contain (and are contained in) a copy
of D, thus LpDxq “ LpDyq “ 1. If, looking for a contradiction DxXDy “ t0u, then
1 “ LpDq ě LpDx`Dyq “ LpDx‘Dyq “ LpDxq ` LpDyq “ 2,
which is a contradiction.
It is a classical result that any left Noetherian domain is left Ore (see for example [MR01, Theorem
1.15 in Chapter 2.1]). By the above proposition we can generalize this result as follows:
Corollary 5.11. A domain with left Gabriel dimension is necessarily left Ore.
Proof. Let D be a domain with left Gabriel dimension. First of all we verify that G.dimpDDq is not a
limit ordinal. Indeed, if G.dimpDDq “ λ is a limit ordinal, then D “
Ť
αăλTαpDq. This means that,
for any non-zero x P D, there exists α ă λ such that Dx P TαpDq. Choose a non-zero x P D, as D
is a domain, there is a copy of D inside Dx. Thus, G.dimpDq ď G.dimpDxq ď α for some α ă λ, a
contradiction.
If G.dimpDDq “ α` 1 for some ordinal α, then we can consider the length function
ℓα : D-ModÑ Rě0 Y t8u , ℓαpMq “ ℓpQαpMqq .
To conclude one has to show that ℓαpDq “ 1, that is, QαpDq is a simple object. Since Cα`1{Cα is semi-
Artinian, there is a simple subobject S of QαpDq. Then SαpSq is a sub-module of SαQαpDq. Identify
SαpSq, SαQαpDq and D with submodules of EpDq, since D is essential in EpDq, there is 0 ‰ x such
that x P SαpSq XD, but then SαpSq contains an isomorphic copy of D. Thus QαSαpSq “ S contains
an isomorphic copy of QαpDq, which is therefore simple.
We can finally prove our result:
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Proof of Theorem 5.9. (1)ñ(2) is trivial while (2)ñ(1) follows by Proposition 5.10 and the fact that
the algebraic dim-entropy is a length function on K˚G-Mod such that entdimpK˚GK˚Gq “ 1.
(2)ñ(3). Consider a short exact sequence 0 Ñ K˚GI Ñ K˚GK˚G Ñ K˚GM Ñ 0, with I ‰ 0. Choose
0 ‰ x P I , then K˚Gx – K˚G, and so entdimpK˚GMq “ entdimpK˚GK˚Gq ´ entdimpK˚GIq ď 1´ 1 “ 0.
(3)ñ(4). Let us show first that for any finitely generate left K˚G-module K˚GF , entdimpK˚GF q P N. In
fact, choose a finite set of generators x1, . . . , xn for F and, letting F0 “ 0 and Fi “ K˚Gx1`¨ ¨ ¨`K˚Gxi
for all i “ 1, . . . , n, consider the filtration 0 Ď F1 Ď F2 Ď ¨ ¨ ¨ Ď Fn “ F . By additivity,
entdimpF q “
nÿ
i“1
entdimpFi{Fi´1q .
All the modules F1{F0, . . . , Fn{Fn´1 are cyclics (i.e. quotients of K˚G), thus entdimpFi{Fi´1q P t0, 1u
by hypothesis. Hence, entdimpF q P N. To conclude one argues by upper continuity that the algebraic
dim-entropy of an arbitrary left K˚G-module is the supremum of a subset of N, thus it belongs to
NY t8u.
(4)ñ(2). Let x P K˚G and consider the short exact sequence
0Ñ I Ñ K˚GÑ K˚GxÑ 0
where I “ ty P K˚G : yx “ 0u. Suppose that x is a zero-divisor, that is, I ‰ 0 or, equivalently,
dimpKIq ‰ 0. By Proposition 4.18, entdimpIq ą 0 and, by our assumption, entLpIq ě 1. Hence, using
additivity, entdimpK˚Gxq “ 0. Again by Proposition 4.18, this implies dimpK˚Gxq “ 0 and consequently
K˚Gx “ 0, that is, x “ 0. Thus, the unique zero-divisor in K˚G is 0.
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